When the angle of attack of an airfoil is gradually increased at low Reynolds numbers, the flow undergoes a Hopf bifurcation wherein the steady state loses stability in a transition to periodic vortex shedding. The goal of this work is to stabilize these unstable steady states using feedback control. For that purpose, we derive reduced order models valid in the neighborhood of these unstable steady states, using an approximate balanced truncation method valid for large dimensional systems. The original method is valid only for stable systems, and here we present a modification to derive models for unstable sytems, and use the same along with standard linear control techniques such as Linear Quadratic Regulator (LQR) to obtain stabilizing control laws. We use full-state feedback to stabilize an unstable steady state of a two-dimensional flow past a past flat plate at an angle of attack of 35 degrees. We also present observers that reconstruct the entire flow-field based on the flat-plate lift and drag measurements.
I. Introduction
Leading edge vortices (LEVs) in bio-fliers such as birds and insects have been observed to produce high lift at high angles of attack and low Reynolds numbers.
1, 2 These LEVs provide inspiration for developing flow controllers to regulate lift in micro air vehicles (MAVs). Stabilization of these LEVs using closed loop control could dramatically widen the flight envelope of MAVs and improve their performances in presence of disturbances. With these goals in mind, a collaborative research initiative has been undertaken to control vortex formation in separated flows. A series of papers [3] [4] [5] [6] [7] [8] has been published describing the initial efforts undertaken towards achieving this goal.
In experiments on pitching airfoils, much higher lift is observed while the angle of attack is increasing as compared to decreasing, as sketched in Fig. 1(a) . This phenomenon is understood to happen due to the formation of a dynamic stall vortex while the airfoil is pitching up, which provides high lift. This vortex sheds while pitching down, resulting in a drop in lift, and producing a hysteresis loop. Recent experiments by Williams et al. 9 have been able to achieve the high lift branch of the hysteresis loop even for slowly pitching or stationary airfoils using open-loop control, as shown in Fig. 1(c) . Our approach here, is slightly different. For stationary airfoils, as the angle of attack is increased, the flow undergoes a Hopf bifurcation from a steady state to periodic vortex shedding, as shown in Fig. 1(b) . However, an unstable steady state also exists at these high angles of attack, and could be stabilized using feedback control. For two-dimensional flows past a flat plate (that is, with infinite aspect ratio), we found that the lift corresponding to these unstable steady states is close to the minimum of that in the periodic vortex shedding cycle. 4 However, the flow physics of low aspect ratio flat plate is considerably different, and our future studies will investigate the existence of high-lift unstable steady states in such flows. In this paper, we present tools that stabilize the unstable steady states in a two dimensional flow past a flat plate. In a collaborative effort complementary to our modeling technique, heuristic closed-loop controllers have been developed that achieve stable periodic vortex shedding cycles with higher average lift as compared to the uncontrolled case.
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Our approach is computational, and the number of degrees of freedom for the computation 2-D flows is typically of the order 10 5 , which is intractable for controller synthesis using available standard tools. with open loop control of stationary semi-circular planforms. The plot shows that lift on static planforms with a constant forcing compares closely to that during a rapid pitch-up.
We base our control design on reduced order models derived using an approximate balanced truncation method developed by Rowley. 11 The models derived using this technique are valid in the neighborhood of stable steady states, and earlier work 4 presented models for a 2-D flow past a flat plate at an angle of attack α = 20. These models were shown to outperform those based on standard Galerkin/POD technique in the sense that fewer modes were required for a given order of accuracy and the models tracked the full simulation better for longer periods of times. Further, these models were used to design observers based on one pressure measurement on the flat plate, at either the leading edge or the trailing edge, and were shown to accurately reconstruct the flow field. This technique has also been used to obtain reduced order models of transitional channel flow [12] [13] [14] and has been shown to perform particularly well when actuation is introduced. Here, we extend our previous work 4 and derive reduced order models that are valid in the neighborhood of unstable steady states. The standard balanced truncation method 15 is valid only for stable systems; however, an extended version that is valid for unstable systems was proposed by Zhou et al. 16 We adopt this technique to develop an approximation algorithm for obtaining reduced order models that is tractable for large dimensional systems.
II. Numerical Scheme
The numerical scheme used is a fast immersed boundary method developed by Colonius and Taira, 17 and is briefly described here. Consider the following form of the incompressible Navier-Stokes equations:
where u and p are the fluid velocity and pressure respectively. The force f acts as a Lagrange multiplier that imposes the no-slip boundary condition on the immersed body surface ξ, which can in general move with a velocity u B . We consider the body to be a stationary flat plate at an angle of attack α; that is, here u B = 0. The variables u and x are non-dimensionalized with respect to the free stream velocity U and the flat plate chord length c, and the Reynolds number is defined as Re = U c/ν where ν is the kinematic viscosity. The other quantities p, f , and time t are consistently non-dimensionalized as well. Equations (1-3) are discretized in space using a finite volume scheme on a staggered grid, which results in the following semi-discrete equations:
where q, p, and f are the discrete velocity flux, pressure, and force respectively. The operator N (q) is a discretization of the nonlinear term u · ∇u, L is the discrete Laplacian, G and D are the discrete gradient and divergence operators, and E andH are the interpolation and regularization operators to smear the Dirac delta functions in equation (1) over a few grid points. Then, discrete streamfunction s and circulation γ are defined by means of discrete curl operations as follows:
where C is defined such that DC ≡ 0. Further, the discrete Laplacian Lq = −βCC T q with β = 1/Re∆ 2 , where ∆ is the uniform grid spacing. Now, operating equation (4) by C T results in the following semi-discrete formulation:
The domain boundary conditions used are no-penetration and no-stress, that is, the normal components of q and the tangential components of γ are zero at the boundary. These conditions are valid for a sufficiently large domain, and are imposed by employing a computationally efficient multi-domain approach. The Laplacian is diagonalized by means of a discrete sine transform S, such that C T C = SΛS where Λ is the diagonal matrix of eigenvalues of L. With the sine transform, the viscous terms can be integrated exactly in time, while the convective terms are integrated using an explicit, second order accurate Adams-Bashforth scheme. Now, the stream function s can be related to the circulation γ as:
This relation is useful in deriving the adjoint equations, required for computing the reduced order models. For deriving reduced order models useful for control design, we first linearize equation (8) about a precomputed steady state (γ s , q s ). The linearized equations are the same as equations (8,9) with the nonlinear term N (q) replaced by its linearization about the steady state, and is denoted by N L (γ s )γ. Thus, the linearized equations are:
The boundary conditions for the linearized equations are bc γ = 0 on the boundary of the domain. In order to derive the reduced order models using the procedure described earlier, we need to perform adjoint simulations. For that, we first define the following inner-product on the state-space containing the vorticity γ
That is, the inner-product defined on the state-space is the standard L 2 -inner product weighted with the inverse Laplacian operator. This choice is convenient as it results in the adjoint equations which differ from the linearized equations only in the nonlinear term. Thus, the same numerical scheme can be used to integrate the adjoint equations as well. The resulting adjoint equations are (derivation is omitted here):
where ζ,ξ = (C T C) −1 ζ and q a = Cξ can be thought of as the weighting functions corresponding to the vorticity γ, streamfunction s and the flux q respectively.
III. Approximate balanced truncation for unstable systems
The basis of our model reduction technique is a modified balanced truncation method proposed by Zhou, et al. 18 The method essentially decomposes a given linear system into the stable and unstable subspaces, and computes a balanced transformation for the two subspaces separately. Here, we outline the algorithmic procedure used to derive these reduced order models.
We begin with the following, possibly unstable, state space system
where x n is the state vector, u n is a vector of inputs, y n is a vector of outputs, and n indicates the timestep. Here, equation (16) is a time-discretization of (11, 12) , and the actuator B is a localized body force near the flat place. The state x consists of the vorticity at each gridpoint, and the output y is the velocity field q. We assume that the number of unstable eigenvectors Φ u of A is small (typically O(10)) and its basis has been computed, say, using ARPACK. 19 We also assume that the left unstable eigenvectors Ψ u have been computed. Since the number of unstable directions is small, we treat this subspace exactly and derive a reduced order model of just the stable subspace.
For the algorithm, we need the projection operator onto the stable subspace, which is given by
The steps involved in the procedure can now be described as follows:
1. Compute the (state) response of the linearized equations to an impulse on each input. At each timestep, project the state x n onto the stable subspace of A as x n s = P s x n .
2. Assemble the projected snapshots x n s , and compute the POD modes θ j of the resulting dataset.
3. Choose the number of POD modes one wants to use to describe the output of the system. For instance, if 10% error is acceptable, and the first r POD modes capture 90% of the energy, then keep the first r modes. 
Then the modes ϕ 
Thus, the state x is approximated by a projection onto the unstable eigenvectors Φ u and the leading balancing modes Φ s . The diagonal entries of Σ in equation (18), called the Hankel singular values, form a criterion for truncating the modal expansion such that the most controllable and observable states are retained.
IV. Results
We obtain models for the two-dimensional flow past a flat plate at an angle of attack α = 35 
A. Steady-state analysis
In order to linearize the Navier-Stokes equations about a steady, we first need to compute the steady state, for which use a timestepper based approach 20, 21 along with Newton-GMRES. 22 The details of the time-stepper based analysis of steady states were presented in an earlier paper 4 and so they are omitted here. The steady state at α = 35
• is shown in Fig. 2(a) , and a time history of the lift coefficient C L with this steady state as an initial condition is shown in Fig. 2(b) . Since the steady state is unstable, the numerical perturbations excite the instability, and the flow eventually transitions to periodic vortex shedding. For restricting the impulse response to the stable subspace using (17), we need the basis vectors Φ u spanning the unstable subspace. As the flow undergoes a Hopf bifurcation, a complex pair of eigenvalues crosses the imaginary axis from the left half of the complex plane; thus the dimension of the unstable subspace is two. Here, we obtain the basis spanning this subspace by starting the linearized with a zero initial condition and perturbing it using a very small random noise to excite the unstable modes. After sufficiently long time, the stable modes decay, and the dynamics lies close to the unstable subspace. Any two independent snapshots of the remaining dynamics gives a good approximation of the basis spanning the unstable eigenspace. In order to project onto the stable subspace using (17), we also need the left eigenvectors Ψ u , which can be obtained in a way similar to the right eigenvectors, initializing the adjoint equations with a small random noise.
B. Models using full-state feedback
We now describe the results of the reduced order models of the input-output response of the linearized equations (11, 12) . The actuator used is a localized body force close to the leading edge of the flat plate, the vorticity contours of which obtained on an impulsive input are plotted in Fig. 4 . The reduced order model is derived using the procedure outlined in section III. As seen in equation (19), the output of the system is considered to the entire velocity field, observed as a projection as a projection onto (a) the basis of the unstable eigenspace and (b) the leading POD modes of the impulse response restricted to the stable subspace. We used a projection onto the leading four POD modes of the impulse response, which captured almost 97% of the energy, to observe the velocity field. These modes come in pairs, and the first-and the third-most energetic modes are plotted in Fig. 4 . The next step is to compute the adjoint snapshots, with the POD modes of the impulse response as the initial conditions. As the impulse responses, these simulations are also restricted to the stable subspace. The balancing modes Φ s and the adjoint modes Ψ s for computing the reduced order models of the stable subspace are then obtained using the expression (18) . The vorticity contours of the first two modes are plotted in Fig. 5 ; note that the balancing modes look very similar to the POD modes. The comparison of two subspaces can be quantified as well, and it has been observed in previous studies that the POD and balancing modes span very similar subspaces. 4, 14 The adjoint modes provide a direction for projecting the linearized equations onto the subspace spanned by the balancing modes. Since these modes are quite different from the POD and the balancing modes, the resulting models are also quite different from those obtained using the standard POD-Galerkin technique wherein an orthogonal projection is used. Since the models obtained using balanced truncation are known to perform better than the POD-Galerkin models, 4, 14 the better performance could be attributed to a better choice of projection using the adjoint modes.
The resulting models can now be used along with standard linear control techniques to obtain stabilizing controllers. Here, we derive feedback control laws based on a 10-mode reduced order model (2 unstable and 8 stable modes) and include the same in the original linearized and nonlinear simulations. We use Linear Quadratic Regulator (LQR) to derive the feedback gain K so that the eigenvalues of the closed loop system are inside the unit circle on the complex plane. Fig. 6 compares the model predictions with the projection of data from the simulations of the full linearized equations. The initial condition used is the flow field obtained on an impulsive input to the actuator. Both the states shown in the figure eventually decay to zero, which implies that the perturbations decay to zero, thus stabilizing the unstable steady state. More importantly, the model predicts the outputs accurately for the time horizon shown in the plots. Figure 6 . Control gain obtained using LQR, and the initial condition used is a small perturbation to the steady state. Control is turned on at t = 0. Comparison of the outputs x u1 and y 1 of a 10-mode reduced order model (red) with the projection of data from the linearized simulation (black).
Control ON Figure 7 . Control gain obtained using LQR, and the initial condition used is a small perturbation to the steady state. Control is turned on at t = 0. Comparison of the outputs x u1 and y 1 of a 8-mode reduced order model (blue) with the projection of data from the full nonlinear simulation (black). The angle of attack is α = 25.
We also use the same controller in the full nonlinear simulations and test the performance of the model for small perturbations from the steady state. A comparison of the reduced order model with the projection of data from the nonlinear simulation (after subtracting the steady state) is shown in Fig. 7 . The unstable state x u1 grows initially until the control is turned on at t = 0, after which all the states decay to zero, thus implying a stable steady state. Also, for small perturbations from the steady state as chosen here, the model accurately predicts the outputs of the full simulation. Note that the results in Fig. 7 are based on simulations using a slightly different immersed boundary method developed by Taira and Colonius, 5 and the angle of attack is α = 25
• .
C. Observers based on force-measurements
In the previous section, we assumed that the entire flow field could be observed through a projection onto a few modes. Now, we relax the assumption, and consider the outputs to be the measurements of the lift and drag forces on the flat plate. We design observers based on our reduced order models derived in the previous section to reconstruct the full flow field. The output equation in (19) is replaced by
where C u L and C s L are row vectors containing the lift coefficients corresponding to the unstable and stable modes respectively, and C L is an estimate of the lift coefficient given the reduced order model states a u and a s . A similar expression is used for the drag coefficient. The accuracy of this expression is tested using the lift and drag data from a closed-loop linearized simulation. The control used in the closed-loop simulation is based on a 10-mode reduced order model using full-state feedback, as described in the previous subsection. As shown in Fig. 8 , the comparison is good until t ≈ 20, except at the initial time. Though not clear from the plots, accuracy deteriorates for t > 20. We use a Kalman filter to design the observer to reconstruct the reduced order model states from the force measurements. The performance of the observer is also tested using the same linearized closed-loop simulation. The results are presented in Fig. 9 , where the coefficients of the first unstable and stable modes (x u1 and x s1 ) are plotted. The projection of data from the linearized simulation (shown in red) is compared with that reconstructed using the observer (shown in black). It is assumed that the observer has no information at the start of the simulations (that is, the initial conditions for the observer are zero). The figures show that the observer quickly tracks the actual states and performs well during the initial transient until about t = 5. For longer times, it reasonably tracks the state corresponding to the stable subspace, however the unstable state is over-predicted. Here, we would like to point out that the reduced order models obtained in the previous subsection are balanced only when the output of the system is the entire velocity field (projected onto leading POD modes); that is, the method captures the input-output dynamics of the system with full-state output. For the observer design, the outputs are considered to be the lift and drag forces instead, for which the reduced order models are not necessarily balanced. The procedure described in section III can be also be used to obtain models for the system with different outputs; the only difference will be in the adjoint simulations which will have different initial conditions instead of the POD modes of the impulse response. Figure 9 . Reconstruction of the reduced order model states x u1 and x s1 (the coefficients of the first unstable and stable modes, shown in black) using a 10-mode observer. Also shown is the projection of data from the linearized simulation (red) and the states predicted by the reduced order model (blue).
V. Summary
We have presented a modified balanced truncation procedure to obtain reduced order models valid for a flow linearized about unstable steady states. The method was used to obtain models for flow past a flat plate at a large angle of attack of 35 degrees, with the actuator being a localized body force close to the leading edge of the plate, and the output being the entire velocity field. A 10-mode model was used along with a Linear Quadratic Regulator (LQR) to obtain stabilizing control laws, and the model predictions compared accurately with the projection of the data obtained from the full closed-loop linearized simulations. The resulting controller, when included in the full nonlinear simulations, was also able to suppress vortex shedding and stabilize the unstable steady state; however, the model performance deteriorates for large perturbations to the steady state.
We also presented observers based on the flat plate lift and drag force measurements to reconstruct the entire velocity field. The observers tracked the states corresponding to the stable subspace well, but over-predicted the unstable states. The reduced order models used to design the observers capture the inputoutput dynamics of a system in which the output is the entire velocity field. Future work will consider more accurate models that capture the correct input-output dynamics, and also explore different sensors based on various flat plate surface pressure measurements.
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